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Abstract 

We show convexity of solutions to a class of convex variational problems in the Gauss 
and in the Wiener space. An important tool in the proof is a representation formula 
for integral functionals in this infinite dimensional setting, that extends analogous 
results valid in the classical Euclidean framework. 

1 Introduction 

The aim of this paper is to study the convexity of the minimizers of some variational 
problems in Wiener spaces. In the Euclidean setting convexity is a widely discussed issue 
[25] . Recently, following previous work by Korevaar [26] and Alvarez, Lasry and Lions 
[2], Alter, Caselles and Chambolle [HIE] showed the convexity of solutions to variational 
problems involving functionals with linear growth and in particular to the prescribed 
curvature problem. Using quite different techniques, Figalli and Maggi |19| proved the 
convexity of small mass minimizers of this problem. 

The main goal of this paper, is to extend these results to the (finite dimensional) Gauss 
space and to the (infinite dimensional) Wiener space. In this setting, very few results are 
currently available. To the best of our knowledge, the only result in this direction is con- 
tained in [13], where the authors proved the convexity of the solutions of the isoperimetric 
problem in convex domains. More explicitly they prove the following: 

Theorem 1.1. [13] Let C be a convex set of positive (Gaussian) measure and of finite 
(Gaussian) perimeter, then there exists a > such that for every v € [a, 7(C)], the 
solution of the constrained isoperimetric problem 

min{P 7 (£;) : E C C and 7(E) = v} 
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has a unique solution which is convex. 



We are interested in the convexity of solutions of the problem 



min Pr 

l(E)=v 
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(E)- [ g(x)drf(x) 



(1) 



Je 



where g is a convex function. 

The idea is to follow the approach of Caselles and Chambolle [12] in the Euclidean case. 
We will thus be naturally led to consider the variational problem 



for which we will show convexity of the minimizers. More generally, we will prove that 
minimizers of 



are convex if F and g are convex (see Theorems 14.11 and I5.ip . 

Extending the variational methods from Euclidean to Wiener spaces is now a quite active 
field. In particular extending the theory of functions of bounded variation to this setting 
started with the work of Fukushima [20] and Fukushima and Hino [21] , Since then the 
properties of BV functions and sets of finite perimeter have been investigated by Am- 
brosio and his collaborators, see [5] in particular but also [6] and j4j. We also refer to 
the paper [23] where relaxation of the perimeter, isoperimetry and symmetrization are 
investigated with application to a kind of Modica-Mortola result. We must point out that 
this theory of BV functions is strongly linked with older works of Ledoux and Malliavin 



The plan of the paper is the following. In Section [2] we recall some notation about the 
Wiener space and functions of bounded variation. In Section [3] we prove a useful repre- 
sentation formula for integral functionals on Wiener spaces. In Section U] we show the 
convexity of the minima of ([2]) in finite dimension, and in Section [5] we investigate the 
convexity of the minimizers in the infinite dimensional Wiener space. 



2 Notation and preliminary results 

A clear and comprehensive reference on the Wiener space is the book by Bogachev [7J 
(see also |28j). We follow here closely the notation of [5]. Let X be a separable Banach 
space and let X* be its dual. We say that X is a Wiener space if it is endowed with a 







[27], [28 



2 



non-degenerate centered Gaussian probability measure 7. That amounts to say that 7 
is a probability measure for which x*j is a centered Gaussian measure on M for every 
x* € X*. The non-degeneracy hypothesis means that 7 is not concentrated on any proper 
subspace of X. 

As a consequence of Fernique's Theorem [?J Theorem 2.8.5], for every x* 6 X*, the 
function R*x*(x) = (x*,x) is in L^(X) = L 2 (X, 7). Let % be the closure of R*X* in 
L 2 (X); the space % is usually called the reproducing kernel Hilbert space of 7. Let R, 
the operator from "H to X, be the adjoint of R* that is, for h 6M, 

= / xh(x) g?7 

where the integral is to be intended in the Bochner sense. It can be shown that R is a 
compact and injective operator [7]. We will let Q = RR* so that for every x*, y* 6 X*, 

= / (x*,x)(y*,x) dj. 
Jx 

We denote by H the space RT~i C X. This space is called the Cameron-Martin space. It 
is a separable Hilbert space with the scalar product given by 

[hi,h 2 ]H = (hi,h 2 ) L *(X) 

if hi = Rhi. We will denote by | • \h the norm in H. The space H is a dense subspace of 

X, with compact embedding, and 7(-ff) = if X is of infinite dimension. 

For x\, G X* we denote by n x | v the projection from X to ]R m given by 

We will also denote it by II m when specifying the points x* is unnecessary. Two elements 
x\ and x\ of X* will be called orthonormal if the corresponding hi = Qx* are orthonormal 
in H (or equivalently if x\ and x\ are orthonormal in L?,(X)). We will fix in the following 
an orthonormal basis of H given by hi = Qx*. 

We also denote by H m = span(/ii, .., h m ) and X^ = Ker(II m ) = , so that X = 
W 71 © X^. The map II m induces the decomposition 7 = 7 m (g) 7^, with 7 m , 7^ Gaussian 
measures on M. m , X^ respectively. 

Proposition 2.1. [7] Zei /ii, ..,h m be in T~i then the image measure of 7 under the map 

U h u ..,h m ( x ) = (hi(x),..,h m (x)) 

is a Gaussian in W 71 . If the hi are orthonormal, then such measure is the standard 
Gaussian measure on W 71 . 
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Given u G L^(X), we will consider the canonical cylindrical approximation E m given by 



Notice that K m u depends only on the first m variables (we call such function a cylindrical 
function) and E m ii converges to u in L^(X). 

We will denote by FCl{X) the space of all cylindrical C 1 bounded functions that is the 
functions of the form v{Yl m {x)) with v a C 1 bounded function from W 1 to R. We denote 
by FCl(X,H) the space generated by all functions of the form with $ G TC^X) 
and h G H. 

We now give the definitions of gradients, Sobolev spaces and functions of bounded vari- 
ation. Given u : X — > R and h = Rh 6 H , we define 

du u(x + th) — u(x) 

(x) = lim ■ 



dh t^o t 
whenever the limit exists, and 

a* du I 
o h u = — — hu. 



dh 



We define V hu ■ X —> H, the gradient of u by 

+00 „ 

and the divergence of $ : X — > H by 



+00 



The operator div 7 is the adjoint of the gradient so that for every u G TCi{X) and every 
<E> G J-C}(X, H), the following integration by parts holds: 

/ u div 7 $ d7 = - / [Vjz-m, <&]ijd7- (4) 

The V// operator is closable in Li^(X) and we will denote by Hj(X) its closure in L^(X). 
Formula (j3J) still holds for u G i? 7 (X) and $ € J-C^X, H). Analogously, we define the 
Sobolev spaves W^ P (X) for p > 1 (these spaces are denoted by B 1,P (X, 7) in [5]). 
Following [201 [5], given u G (-X") we say that u € -BKy(X) if 

J \D-yu\u = supjy iidiv 7 $d7; $ G TCl(X,H), \§\ H < 1 Vx G xj < +00. 
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We will also denote by \D^u\{X) the total variation of u. If u = xe is the characteristic 
function of a set E we will denote Py{E) its total variation and say that E is of finite 
perimeter if Py(E) is finite. 

Let M(X, H) be the set of countably additive measure on X with values in H with finite 
total variation. As shown in [5] we have the following properties of BV^(X) functions. 

Theorem 2.2. Let u £ BV^(X) then the following properties hold: 

• there exists a measure D^u € A4(X, H) such that for every $ € TC^X) we have: 

[ udl$dj = - f <f>dnj Vj€N 
Jx 3 Jx 

where fij = [/ij,D 7 ?/]#. 

• \Dyii\(X) = inf limj f x |V ' HU^nd-y : Uj € W] ,l (X), Uj -> u in L^(X)}. 
We next introduce the the Ornstein-Uhlenbeck semigroup. Let u E L^(X) then 

T t u{x) := / u (e~ f x + \/l — e~ 2i y^ dj(y). 

Proposition 2.3. The Ornstein-Uhlenbeck semigroup satisfies: 

• ifue L 7 (X) with p > 1 then T t u G W^pf), 

• ifu& Ly(X) with p > 1 f/ien T^ti converges in L 7 (X) to u when t goes to zero, 

• /or every $ € FCl(X,H), and u € 

/ Tfti div 7 $ c?7 = e"* / u div 7 T t $ cfy, (5) 
Jx Jx 

• if$€ TC\{X, H) then T t $ € JC^(X, ff), 

• for every convex function F : H — > R U {+00} , and every 

/ F(T t $)d-f < / cfry. (6) 

The proof of this proposition can be found in [5]. The only additional property here is 
([6]) which follows from Jensen's inequality and the rotation invariance of the measure 7. 

Remark 2.4. Notice that ([5]) holds more generally for u in the Orlicz space Lloga L but 
not for a general u in (see (5]). 
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Proposition 2.5. Let u = v(H m ) be a cylindrical function then u G BV 1 {X) if and only 
ifv G BV lm (R m ). We then have 

/ \D^u\h = / |-D 7 i>|. 

Jx JR m 

Proposition 2.6 (Coarea formula [3]). If u £ BV^(X) then for every Borel set B C X, 

\D y u\(B)= [ P 1 {{u>t},B)dt. (7) 
Jr 

The following result can be found in [7} Corollary 4.4.2]. 

Proposition 2.7. Let u be a convex function from X to IRU{+oo}, let F(t) = j({u < t}) 
and to = inf{t : F(t) > 0}, then F is continuous on R\{io}- As a consequence "f({u = 
t}) = for every t ^ to- 

In the finite dimensional setting, we will keep the same notations as in the infinite di- 
mensional one. Notice that in R m , the following equality holds: 

div 7 $ = div$ - (x, 

We see that functions in BV^iW 11 ) are in -BVi oc (R m ) and that D^ m u = j m Du so that 
most of the properties of classical BV functions extend to BV ym (W m ) (see [3]). 

For F : H — > R a convex function we denote by F* its convex conjugate defined for 
<£ G H by 

:= sup [$,h] H -F(h) 

h&H 

and by F°° its recession function defined for h G H as: 

F°°(h) := lim 

t^+oo t 

For the main properties of these functions we refer to [30] . The main assumptions we will 
make are: 

(HI) F : H — > R U {+00} is a proper (i.e. F is not identically plus infinity) convex lower 
semi-continuous (l.s.c), bounded from below and attains its minimum. 

(H2) F has p > 1 growth i.e. there exists a±, (3i, a 2 and /3 2 real positive such that 

ai\h\ p H + p 1 >F{h)>a 2 \h\ p H -p 2 V/i G H. 
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Notice that a convex function satisfying (H2) also satisfies (HI). We observe that hy- 
pothesis (H2) includes the limiting case p = 1 which is of particular interest for us. Under 
hypothesis (HI), it is not restrictive to assume that F(0) = and F > 0. 

By Hahn-Banach Theorem, for every proper convex l.s.c. function F : H — > R U {+oo}, 
there exists q € H such that F'(h) := F(h) — [q, h]n satisfies (HI). 



3 Representation formula and relaxation of integral func- 
tionals 

We extend in this section a representation formula for integral functionals. We start by 
proving it for functionals with linear growth. 

Proposition 3.1. Let F : H — > R be a convex function satisfying 

a\h\ + (3 > F(h) > V/i € H 
For [i £ M(X,H), with fx = / u a 7 + fi s its Radon- Nikodym decomposition, let 

dfi s 



[ F(jm) := / F(^)dj + [ F c 
Jx Jx Jx 



d\v s \, 



then there holds 



I F(ji)= sup / [$,d/M] H - f F*($)d 7 , (8) 
Jx <f>eFCl(x,H)Jx Jx 

where := j^[Hd\n\. 

Proof. For jjl € Ai(X,H), with \i = fi a ^/ + fi s its Radon-Nikodym decomposition let 
V F := {$ = YJi=\XA x hi : n € N, A4 disjoint Borel sets, hi € H, F*(hi) < +oo}. Then 
we start by proving 

/ F(n)= sup / [$,dn]H- I F*($)d 7 - (9) 
Jx <i>ev F Jx Jx 

The proof is adapted from [15] and is divided into three steps. 
Step 1. Let 

M(/x):= sup I [$Mh- [ F*(<S>)dj. 

®£V F Jx JX 
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We will show that for every h £ L^(X, H), 

M(hrj) = [ F(h)dr/. (10) 
Jx 

By definition of convex conjugate, it is readily checked that M(hj) < j x F{h)drf. We 
thus turn to the other inequality. By definition of the integral, for every 5 > 0, there 
exists hi € H and A{ C X with Ai disjoints Borel sets and i € [1, n) such that if we set 

n 

8 = ^2xA t hi 
i=i 

then \9 — h\ L i( X ^H) — As F is of linear growth it is Lipschitz continuous and thus we 
can assume that also 

\F{h)-F{e)\ L , {x) <5. 
For every i, by definition of convex conjugate, there exists £j £ H such that 

F(hi) < [fc.^jr-F* (&) + <$. 

Notice that since F is of linear growth, the f^s are uniformly bounded. From this, setting 
$ = Yh=i XA& we have 

f F(h)drt < [ F(8)dj + 5 
Jx Jx 

n „ 

= W F(hi)d 7 + 8 
i=i u Ai 

n „ 

<J2 [^hi] H -F*(Ci)dj + 2S 
i=i jA i 

= [ [^,e] H -F*{^)d 1 + 28 
Jx 

< [ [<S>,h] H -F*(<S>)d-/ + C5 
Jx 

< M(h) + C8. 
Since 5 is arbitrary we have M(/ry) = j x F{h)d^. 

Step 2. By reproducing the proof with F°° instead of F, instead of h and \fj, s | instead 
of 7 we find, using that V F ^ = V F (since dom F* = dom (F°°)* by [301 Thm. 13.3]) 
and (F°°)* = in its domain, 

MooOz')- sup / [<M^k = [ F^(^-)d\^\. 
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Step 3. It remains to show that 



M(/x a 7 + //) = M(/i a 7 ) + Moo^). 
One inequality is easily obtained, since 

M(/i a 7 + /i s )= sup I [1,^1^7+ / [*,dn 8 ] H - [ F*(<S>)d 7 
$ev F Jx Jx J x 

< ( sup I [$,fi a ]H — F*(^)dj\ + ( sup / [$,^1* 

= M( j u a 7 ) + M 00 (//). 

For the opposite inequality, let 5 > be fixed then there exists <E>i and $2 such that 

M(^ a 7)< / -F*($i)d 7 + <5 

MooCm')^ f [$ 2 ,dn s } H + S. 
Jx 

Taking <3? equal to $2 on a sufficiently small neighborhood of the support of fi s and equal 
to $1 outside this neighborhood, by the regularity of the measures /x a 7 and /i s we get 

M(ji a -r) + McoOjl') < [ [$,» a ] H -F*($)dj + f [$,dfi s ] H + C5 
Jx Jx 

< M{p a 1 + //) + C5 
which gives the opposite inequality and shows Q. 

For $ G T>p, the image of <&, being a finite number of vectors of H, is included in a 
finite dimensional vector space V of if . If we now consider K the convex hull of these 
vectors then K is a convex polytope of V. We can then write Q = J2iLi with hi the 
extremal points of K and 0j € ^(X) n with 6>,, > and YliLi®i ^ !■ Arguing 

as in [5j Section 2.1], 7 + being tight we can approximate 6{ in Lz(X) n (X) with 
0* € JC^(X) in such a way that Q\ > and E£=i e * ^ L As F* is bounded and 
continuous on if, letting $> fc := X^^i we have & k € 2?f and 

lim / [$ fc ,c^]- / F*($ fc )d 7 = / [$,d/i]- / F*($)d 7 . 

k^+ooj x J x J x J x 

□ 
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We then deduce the following corollary: 

Theorem 3.2. For F : H — > RU{+oo} a proper l.s.c. convex function and f/, £ M(X, H), 
with [i = /i a 7 + fi s , then again 

[ F0u)= sup / [*,dfi]H- f F*($)d 7 . 

« <i<ETCl {X,H) J X JX 

Proof. Case 1. First assume that (HI) holds. For n £ N let 

F n (p):= sup [$,p] H - F*($). 

Then F n is of linear growth and F n is a nondecreasing sequence converging pointwise to 
F and thus by the monotone convergence theorem, 



/ F(p a )d 1 = lim / F n (fi a )d r 
Jx n ^°° Jx 



Analogously, (F n )°° converges monotonically to F°°. Indeed, since F n is nondecreasing, 
(F n )°° is clearly nondecreasing and 

(F n )°»= lim EnM< i im r^M =jF °°( p ). 

t— ¥+00 t t— >+oo t 

On the other hand, for every $ € dom F* = dom (F°°)*, if n > |$|^, for every p & H 
and i > 0, 

and thus letting t goes to infinity and then n goes to infinity as well, we find 

lim (F n )°» > sup [<S>,p] H = F 00 (p). 

n^oo $6domF* 

We thus have 

By Proposition 13. 1\ for every n € N, 



/ F n ( M °)d7+ / F n (-^1W S |= sup / / F* 



($)d 7 . (11) 



|*|oo<" 

Passing to the limit when n tends to infinity we get 



/ F{jj) = sup / [*,d/i]- / F*(<D)d 7 . 
« <S>eTC}(X,H)Jx Jx 
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Case 2. Let now F be a generic proper l.s.c. convex function and q € H be such that 
F'(h) := F(h) - [q,h] satisfies (HI). It is readily seen that (F')°°(h) = F°°(h) - [q,h] H 
and (F')*($) = + q). Since © holds for F\ 

[ F(ji)- [ [q,dn\ H = [ F'{n) 
Jx Jx Jx 

sup / / F*(<S> + q)d-f 

0eFcf(x,H)Jx Jx 

sup f [®-q,dii] H - [ F*($)d 7 
seFCl(x,H)Jx Jx 

sup j/ [*,d/x] H - / F*($)d 7 |- / [q,dfi] H . 

&EFCl(X,H) UX •/ X ) JX 



□ 



Remark 3.3. An important example of functionals covered by the Theorem is given by 
the functionals with p > 1 growth. 

For F a proper l.s.c. convex function, we can define the functional on L^(X) 

[ F(D jU ):= sup f -udiv 7 $-F*($) d 7 . (12) 

Jx $£FCl(X,H)JX 



(13) 



The functional defined in this way is thus l.s.c. in L*(X). By ©, we have 

L F[D - u) - L F(v " )d7 + L F ~ (w) d|D --" 1 

for it € i?V^,(X) with L> 7 ii = Vu 7 + -D 7 ii its Radon-Nikodym decomposition. 

For y a metric space and F : Y — > R, we define the relaxed functional F of F by 

-F(x) := inf lim F{x n ) . 

x n —>x n ^ >00 

We then have the following relaxation result: 

Proposition 3.4. Let F be a proper l.s.c. convex function then the functional j x F(D^u) 
is the relaxation of the functional defined as f x F(V jju)drf for u S W^' (X) . If F satisfies 
also (H2) then is is also the relaxation of the functional J x F(^Hu)dj defined on the 
smaller class TCl{X). 
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Proof. Case 1. Assume first that F satisfies (HI). We start by proving that 

J^F(D 7 u) = MlMUF(yHU n )dj:u n eW^ 1 (X), u n -> u in L*(X)\ . (14) 



Thanks to Proposition ^. 1\ the inequality '<' is obvious. To prove the opposite inequality, 

3( * 



we proceed as in [5j Th. 4.1] by using the Ornstein-Uhlenbeck semigroup. For u G Ll(X) 



and t > 0, thanks to Proposition 12.3 



/ F{D 1 T t u)= sup [ -T t udiv 1 <f>-F*(<f>)dj 

JX <S>£TCl(X,H) JX 

= sup / -e~Wiv 7 T t $ - F*($)d 7 

®£TCl(X,H) 



< sup / -e~*udiv 7 T t $ - F*(T t $)d~f 
&eFcf(x,H) Jx 

<e~ l sup / -e~*udiv 7 r t $-F*(r t $)d7 



< e~* / F(£> 7 u) 

where, as F(0) = we have F* > and thus e~ f F* < F* . This inequality shows that 
y F(£> 7 ti) > inf lim |y F(V H u n ) dj : u n G W^'^X) , u n -> u in L 7 (X) 



Case Let F be a proper l.s.c. convex function and g G H be such that F'{h) = 
F(h) - [q, h] satisfies (HI) then for u G L*(X), 

I F(D^u)= I F'(D lU )- / ndiv 7 pd 7 . 
ix ii Jx 

Therefore, by Case 1 applied to F' we get that 

jT F(D 7 u)=infUm|j^F(VH«„)d7 : ^e^W, « n -)■ « in L 7 (X)j . 

Case 3. If now F satisfies (H2), by the density of TCl(X) in W 7 ' P (X) for p > 1, for every 
u G Wy p (X) there exists u n G FC^(X) tending to u in W 7 ' P (X) and almost everywhere. 
Then as F(V#u n ) < o<2\V hu u \ p h + 02, by the dominated convergence theorem, 

f F(V H u n ) d 7 -> [ F(X7 H u) d-y. 
Jx Jx 

Thus starting from W^ ,P (X) or FCl(X) gives the same relaxation for f x F(V Hu)dj. □ 
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4 The finite dimensional case 



In this section we focus on the finite dimensional problem. Let F : R m — > M. be a convex 
function satisfying for p > 1, 

(H' 2 ) a 2 \h\ p + /3 2 > F(h) >a\h\ p - f3 V/iGR m . 

As before we set 

/ F(D lm u)dj m := sup / (-udiv 7 $ - F*(*)) d 7m . 

By Theorem 13.21 and Proposition [37 



/ = / n^u)d lm + [ F°° (^J=jjr) d\D° m u\ 

JX JR m JR m \ a \ U ~i m u \J 

and this functional also coincides with the relaxation for the L^ m (M m ) topology of the 
functional classically defined on Lipschitz functions u by J Km F{S/u)d^ m . In this finite 
dimensional setting this representation formula is not new (see [8] and |llj). 
We show in this section the convexity of the solutions of 

min / Fp^ + ^^m. (15) 

Formally the Euler-Lagrange equation of this problem reads 

-divVF(Vu) + x-VF(Vu) + u = g. (16) 

Theorem 4.1. Let F : IR m — > E be a convex function satisfying (H2') and g € L^ m (M m ) 
be a convex function. The minimizer of (|15p is then convex. 



Proof. Before entering into the details, let us give a sketch of the proof. We first approx- 
imate the functions F and g by smooth quadratic functions F n and g e for which we can 
use the results of [2]. We then construct for this approximating functions, a convex sub- 
solution u £ of the problem and consider u™ the least convex supersolution of the problem 
which is greater than u £ . We then show that u™ is in fact a solution of the approximated 
problem and then let e — > and n — > +oo. 

Let F n — >• F be a sequence of smooth, uniformly convex functions, with quadratic growth 
which converge locally uniformly to F. The functional J" Km i ? n (Vu)c?7 m is then finite 
if and only if u G H} /m (M m ). Without loss of generality we can assume that inf F n = 
F n (0) = inf F* = F*(0) = and thus VF n (0) = VF*(0) = 0. 
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We consider for e > the approximation 

g £ {x) = max{g(x), — } + ex 2 H — F*(ex) 

so that g e — >■ g locally uniformly as e — > 0. Indeed, it follows from the uniform convexity 
of F n that F* is differentiable, hence 

lim-F*(ex) = VF*(0)-x = 0. 

£->o e 

Since F n (p) > C(\p\ 2 - 1), F*(q) < C(\q\ 2 + 1) and g £ G I^(R m ). 
In particular, letting 

Us(x) = G L^ m (R m ) , 

we have 

F*(ex) 1 

-divV-F n (Vu £ ) + x-VF n (Vu £ ) + u £ = -me + ex 2 H + me - - < g e (aj) 

hence ti £ is a classical subsolution of the approximate problem. We observe that both g £ 
and u £ have superlinear growth at infinity. 
We now consider the solution u of 

min / F n (Vu) + i!^!* d lm (17) 

«>H e Jim I 

which by definition is above u £ . 

We first show that it is a viscosity supersolution of 

- divVF n (Vu) + x-VF n (Vu) + u = g £ . (18) 

Let us first notice that by [29], the function u is Holder continuous. Assume that u is 
not a supersolution of (I17p then there exists xq G M m and a smooth function </> such that 
4> < u in M m \{xo}, </>(£o) = w(a?o) and 

-divVF n (V0) + x-VF n (V0) + <p - g £ < at x . (19) 

Replacing <^> by 4> — rj\x — xq\ 2 and noticing that {(f> — rj\x — xq\ 2 + 5 > u} C B(xq, \J 5/rj) we 
can further assume by the smoothness of (f>, F n that (|19j) holds on the open set {<^+<5 > u} 
for 5 > small enough. As v = max(0 + S, u) > u £ , we have 

/ F n (Vv) + {V ~ ge)2 d lm > [ F n (Vu) + {U ~ 9e)2 d lm 
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and thus 

/ F n (V<p) + ^ + 5 ~ 9e? d lm > [ F n (Vu) + ^-^ld lm . 

J{(p+S>u} 1 J{</>+S>u} 1 

Using that F n (Vu) - F n {V4>) > VF n (V0) • (Vu - V(f>) by convexity of F n and 
(g ~ 9s) 2 {<p + 5-g £ f (l + S-uf 

2 2 = 2 + (<j> + S - ge)(u - (j) - 5) 

we get 

0> / VF n (V^) ■ (Vn - V</>) + ^ + g ~ — + (<p + d — g e )(5 - - <5)d 7m 
= / [-div VF n (V</>) + x • VF n (V0) + <P + 5 - 5e ] (u - - 5) + ^ + S ~ U ^ d~/ m 

J{<p+S>u} 1 

> 

and thus a contradiction. The integration by part used above is justified by the fact that 

{(f) + S > u} is an open set on the boundary of which cj> + 5 and u agree. 

Notice that using the same arguments it can be shown that there is no contact between 

u £ and u so that u is in fact an unconstrained minimizer of the energy. 

Now, thanks to [21 Proposition 3], given any supersolution u of (|18|) . with superlinear 

growth, the convex envelope u** is still a supersolution. Moreover, if u > u £ , then clearly 

u** > u £ (which is convex). 

Hence, if we define u < u as the infimum of all supersolutions of (|18p which are larger 
than u £ , it is also the infimum of their convex envelopes (hence it is a locally uniform 
limit of convex supersolutions) and therefore is convex. It is also a supersolution. 
Let us now show that u is a viscosity solution. If it were not, there would exist a smooth 
4> and x € M m with u{x) = (f>(x), and u < <p in R m \ {x}, with 

-divV-F n (V0(aO) + x-VF n (V(/>(x)) + <j>{x) > g £ (x). 

In particular, u(x) > u s (x), otherwise x would also be a local maximum of u £ — 4> and the 
reverse inequality should hold. Now, by standard arguments, we check that min{u, 4> — 5} 
is still a supersolution, larger than u £ , if 5 > is small enough, a contradiction. 
Hence u is a solution of (|18l) . By [241 Theorem 4], u is a C > function and thus by 
[21 Lemma 2], u satisfies (|18p almost everywhere (and also weakly). The function u is 
therefore a critical point of the (strictly convex) energy, hence the unique solution to (1151) 
(with F replaced with F n and g with g £ ). Denote now this solution by u™. 

Let us now show that we can send e — > and then n — > oo. 
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Comparing the energy of u™ with the energy of 0, we find that 



liS m (K m ) - 2 ll3e||L2 (Km) < 2||5|| i 2 (Rm) + 2 



ex 2 + ^F*(ex) 



(20) 



so that 1 1 it" 1 1 £2 mm\ is uniformly bounded. Hence, we can send e — > and will find that 
it™ — 1 u n . By a Theorem of Dudley [16], it" converges locally uniformly to u n which is 
thus convex. By the lower-semicontinuity of the energy, u n is the solution of problem (|15|) 
with F replaced with F n . 

Analogously, u n — )• u locally uniformly since by ([20]) . ||tt n ||L2 ( K m) < 2||g|| L 2 mm) and 
thus it is convex. Let us show that u is the minimizer of f|15ft . We start by proving that 



(21) 



lim f F n {Vu n )d lm > f F(Vu)dj m . 



Since tt n is a sequence of convex functions converging to u £ L^ m (R m ) then, up to 
subsequence, Vw" converges to Vu almost everywhere. Moreover, for all R > there 
exists C = C(R, v) such that ||Vu n ||^cx)( Bj! ) < C for all n 6 N. This is a general property 
of convex functions and we refer to [T21 Theorem 3] for further details. By Fatou's Lemma, 
we then get 

lim f F n (Vu n )d 7m > lim f F n {Vu n )d lm = [ F{Vu)d lm . 
Letting R — > +oo we obtain (f2Tjh 

Now if v is a Lipschitz function in L 2 m (W 71 ), as -F n converges locally uniformly to F, 

lim f F n {Vv)d lm = [ F{Vv)d lm 
and thus, by the minimality of u n and (|2ip . 

F (V«) + d lm = lim / F n (W) + d 7 m 



Fn(VH")+ g) d lm 



> 



Since Lipschitz functions are dense in energy in L^ n 
of (1151). 



) , we obtain that u is a minimizer 

□ 
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Remark 4.2. The proof directly extends to variational problems of the form 

min I F(Vu) + ^ ~ g) d// 
for measures d/i = fJ.(x) dx, with /x(cc) = e~ ( Ax ' x ) and ^4 > 0. 

Remark 4.3. An other possible approach for proving convexity of the minimizers of (|15p 
is to adapt the ideas of Korevaar [26] . see [22] for details. 

Remark 4.4. Arguing as in the Theorem 15. II of the next section, we see that this result 
extends to generic proper l.s.c. convex functions F. 



5 The infinite dimensional case 

In this final section we return to the infinite dimensional problem. 

Theorem 5.1. Let F : H — > IRU {+00} be a proper l.s.c. convex function and g € L^(X) 
be a convex function. Then the minimizer of 



J(u) := f F{D lU ) + i ! (u- gfd 1 



is convex. 



Proof. Case 1. We start by assuming that F satisfies also (H2) . 

Let g m = E m (<7) then g m is a convex function. Let also u m be the minimizer of 

n J m {u) := I F(D 1 u) + ]- [ (u-g m ) 2 d>y. 

:-u=E m u Jx ^ JX 



mm 

u&L%{X): 



Thanks to (jl3j) . if u depends only on the first m variables then 

/ F{D lU )= [ F m {D lU )= [ F m {D % 
Jx Jx Jl m 



u 



where F m (h) = F(Jl m h). By Theorem 14.11 u m is thus a convex function. As J m (n. m ) < 
J m (0) and since g m — > g in L^(X), u m is bounded in L?{X) and is thus weakly converging 
to u which is therefore convex by |18t Theorem 4.4]. 

We now show that u is the minimizer of J. 
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If u m is a weakly converging sequence to u € L 2 (X), then by strong convergence of g m 
to g we have 

lim - / |it m - 5m| 2 (i7 > - / {u-g) 2 d>y. 

m->oo £ J X * JX 

By the lower semicontinuity of J x F(D^u) (which comes from ()12|) ) we then have 

lim J m (u m ) > J(u). 
m—too 

Thus if u € TCl(X), by minimality of u m , 

J(u) = lim J m (u) > lim J m (u m ) > J(u). (22) 



m— >+oo 



Since we assumed that F satisfies (H2), by Proposition 13.41 the space TCl(X) is dense 
in energy in L 2 (X) and thus inequality ([22"]) proves that u is the minimizer of J in l£{X). 



Case 2. If F 1 is a proper l.s.c. convex function, we can approximate it by a convex function 
Fs with linear growth 

F s (p) :=6\p\ H + inf ( -=]p - q\ H + F(q) ) . 



By Case 1, the minimizer u,5 of the functional with F5 instead of F is convex. As before, 
we have that us weakly converges to a convex function u in L 2 {X). As W-^' 1 ^) is 
dense in energy in L 2 (X), in order to conclude, it is sufficient to prove that for every 
v € W^{X) nL 2 JX), 



and 



F(V H v)dj > lim / F s (V H v) (23) 
S^oJx 



lim / Fs(D jU5 ) > / F(D 7 u). (24) 

<5->0 JX JX 

For inequality ()23[) we can assume that f x F(V Hv)d^ < +oo then as for the Moreau reg- 
ularization, lim^o F$(p) = F(p) for every p € H so that for every v € W^' l {X), F${V hv) 
converges almost everywhere to F(Vhv) and since F^V/ju) < <5|Vfl-u|ij + F(Vhv), by 
the dominated convergence Theorem, inequality (|23|) follows. 

For inequality (j24p . we start by noticing that by calculus on inf-convolutions and convex 
conjugates, we have, 

F s *(q)= inf F*(p), 
\p-g\n<s 
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where we take as a convention that Fg(q) = +00 if Bi n B$(q) = 0. Therefore, for every 

5 

q £ H, as soon as \q\u < -r, we have F£(q) < F*(q) and thus 

]teiFZ(q)<F*(q) Vq £ H. 

If now $ G FC\{X, H) with F*(<&) integrable, we have Fg(&) < F*(<&) for 5 small enough 
and thus by the reverse Fatou lemma, 

Inn f Ff($)d7< / EmF?($)d7< /" F*($)d7- (25) 

We can now conclude since for every $ € J-C^(X, H) with J x F*(<fr) CZ7 < +00 we have 
using ([25]) . 



lim / F 5 (D 1 u s ) > lim / -« 5 div 7 $ - F 5 * ($) c?7 
> / -udiv 7 $ - F*($)d 7 
Taking then the supremum on all $ 6 J~Cl(X, H) and using (jHJ), we get (I24p , 



□ 



Remark 5.2. Notice that, by taking F(h) = \h\ p with p > 1, Theorem 15.11 applies in 
particular to the p-Dirichlet problems 



min / | V H u|^ d 7 + - / (u - g)' 



dry. 



Remark 5.3. When X is a Hilbert space, there is another definition of the gradient 
due to Da Prato which gives an alternative definition of Sobolev and BV spaces (see 
Section 5]). Roughly speaking it corresponds to Du := Q~2\/ H u. Theorem 15.11 then 
applies to the associated total variation since it is given by the choice 



/+00 



where the Aj's are the eigenvalues of Q. 

Remark 5.4. The proofs of Theorem 14.11 and 15.11 follow standard T-convergence argu- 
ments (see [9]). 

Using the theory of maximal monotone operators |10| . we easily get the following corollary. 
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Corollary 5.5. Let F : H — > K U {+00} be a proper l.s.c. convex function and let 
uq € Ly(X) be a convex function. Then the solution u(t) of the Liz(X) gradient flow of 
j x F(DryU) with initial condition u(0) = uq is convex for every t > 0. 

We can now use these convexity results to show the convexity of solutions of ([I]). 

Theorem 5.6. Let g be a convex function in L^(X) and let u be the minimizer of ([2]). 
Let A = inf{A : j(u < A) > 0}. Ifv = ^({u < A}) then for every v > v there exists a 
unique solution to ([1]) and this solution is convex. 

Proof. The proof follows quite standard arguments so that we only sketch it (see [13] and 
[1] for details). Let us first consider the problem 

min P 7 (P) + ( (g-\)d~f. (P x ) 

E J E 

Then as in Proposition 34 of [13], by the direct method of the calculus of variations 
(in BV~f{X; [0, 1])) and by the coarea formula it is not difficult to show that (Pa) has a 
minimum E\. By [HI Lemma 8] we have E\ 1 C Pa 2 if Ai < A2. 

Setting w(x) = inf {A : x G E\}, it is not hard to see that w S BV 7 D L^(X) and that w 
solves ([2]) (see [13] again or Lemma 3.5 in [H]). By the uniqueness of minimizers of ([2]), 
w = u and E\ = {u < A} for almost every A (and then for every A by an approximation 
procedure) . 

By Proposition 12.71 the function A — > j{E\) is continuous on ]A,+oo[ and nondecreas- 
ing. Together with the inclusion property of the Pa this implies the uniqueness of the 
minimizers of (P\). Moreover, the sets Pa solve the problem: 



min Py(P) +lg 
7 (£a)=7(£) Je 



Vice- versa, if E v solves (P) and v > v then there exists A > A such that 7 (Pa) = v and 
as E v solves (P\) we get E v = E\. □ 

Remark 5.7. If P : H — > K is homogeneous of degree one and such that 

c\h\ H < F{h) < C\h\ H \fh € H, 

then P satisfies (H2) and we can define the anisotropic perimeter Pp by 

P F (E) := [ F(D iX e). 
Jx 

Repeating verbatim the proof of \17\ Section 5.5], (and using that smooth cylindrical 
functions are dense in BV-y(X) by Proposition 13.41) . we still have a coarea formula, 

f P(P 7 n) = f P F {{u < t}) dt Vn G BVy(X). 
JX JR 
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Using Theorem 15.11 it is then not difficult to extend Theorem 11.11 and Theorem 15.61 to 
these anisotropic perimeters Pp. 

Notice that in the Wiener space, the solution of the Wulff problem 

min P F {E) (26) 

■y(E)=v 

is quite simple. If F attains its minimum on the sphere at some direction v m i n then by 
the isoperimetric inequality, if E Um . m is the half-space of volume v and normal v m i n and 
E is any other set with volume v, 

Pp(Eu m J = F(z, min )P 7 (£, mm ) < F(i/ min )P 7 (S) < P F {E) 

and thus E Um . n is the minimizer of (|26|) . If instead F does not attain its minimum on the 
sphere, there is no solution to (f26j) . 

We can finally state a simple corollary. 

Corollary 5.8. Let g be a convex function in Lz(X) and let 

F(E) = P 1 {E)+ [ gd r 
Je 

Then two situations can occur: 

• If mm F < then there exists a unique non-empty minimizer of F. Moreover this 
minimizer is convex. 

• If min F = then there exists at most one non-empty minimizer of F which is then 
convex. 

Proof. The two possibilities corresponds respectively to A < and A > 0. □ 
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